Proceedingsof the 2002 IEEE lntemational
Conference on Control Applications
September 18-20,2002 Glasgow, Scotland, U.K.

Nonlinear Active Vibration Absorber Design For Flexible Structures
Lei Chen, Fangpo He, Karl Sammut, and Tan Cao
School of Informatics and Engineering
Hinders University
GPO Box 2100 SA5001, Australia
Abstract- A new technique, called active Vibration Clamp- interest in modal control has again been revived. Inman’s reing Absorber (VCA), for vibration suppression in flexible search [3] shows that if modal compensation is used as a constructures is proposed and investigated in this paper. The trol law and designed to roll off at higher frequencies, spillover
technique uses a Quadratic-Modal-Positive-Position-Feedback is not a problem. However, most of the control methods used
(QMPPF) strategy to design a simple second-order nonlin- in modal control for flexible structures have focused on linear
ear controller that can suppress the vibration of structures state feedback or linear output feedback control strategies by
at various resonant points. The proposed QMPPF strat- using modal position and/or modal velocity. Those methods
egy uses a nonlinear modal control to transfer the vibration are very effective for free vibration problems but not for forced
energy from the vibrating system to another sacrificial ab- vibration problems. It is the objective of the work presented
sorber so that large amplitude vibrations in the main struc- here to extend the modal control method with linear feedback to
ture can be clamped within tolerable limits. The VCA can be the modal control with nonlinear feedback by using Quadraticconstructed using PZT sensordactuators that are controlled Modal-Positive-Position-Feedback(QMPPF) to suppress vibraby a DSP controller. The effectiveness of the VCA design tions under primary excitations. In the past decades, the control
based on a QMPPF strategy is validated under multiple- of free and forced vibrations has largely been focused on classimodes control on a flexible vertically-orientedcantileverbeam cal and modem control methods such as PID or state feedback.
system with a single sensor and actuator. The simulation and From control theory it is known that the solution of differential
experimental results reveal that the proposed strategy is a equations of a system can be separated in two parts, namely,
potentially viable means for real-time control of vibration in the homogeneous solution and the particular solution.Usually,
the particular solution has characteristics that follow the exterlarge flexible structures.
nal excitation. In the shape or servo control method [4], the
response of a system is always expected to follow the extemal
I Introduction
reference signal as accurately as possible. In vibration control,
The application of light materials for the construction of aerospace however, it is always expected that this particular solution is as
structures, robots, and automobiles has increased the need to small as possible and the external excitation can not be treated
alleviate vibrations in these structures. The challenge for vi- merely as a disturbance, especially, when a resonant vibration
bration control design is especially significant for some large occurs. In some of the design of vibration control problems [3],
space structures, such as large solar panel arrays. The difficulty the reference signal is set to zero as required by the control theis caused by the structure’s inherent characteristics such as: (i) ory. This condition can only deal with free vibration control
the number of structural vibration modes is infinite in theory or disturbance-induced vibration control. However, a vibration
and very large in practice; (ii) the structure’s natural damping controller that exhibits good free vibration suppression does not
properties are poorly understood and the damping coefficients necessarily provide adequate forced vibration attenuation. Thus
are very small; (iii) the structure has many low resonant fre- there is a need to find an effective way to suppress forced vibraquencies; etc. Most of the vibration problems in flexible struc- tion in flexible structures that are vulnerable to resonant vibratures are usually related to structural weaknesses that are asso- tions. On the other hand, attempts to design active vibration conciated with resonance phenomena, i.e., natural frequencies be- trol for large flexible structures (LFSs) or distributed parameter
ing excited by external forces. To solve this forms of vibration systems (DPSs) have been numerous over the last few decades.
problems, a variety of control techniques has been proposed, of Due to the necessity of simultaneously controlling many modes,
which modal control is the most widely reported method [1, 2, one of the challenges in implementing a proposed vibration con31. The history of modal control as applied to vibration sup- troller is to deal with the extensive computations involved. A
pression can be generally traced back to 1960s [I]. It became simple control strategy and a fast controller response are two
popular in 1970s and 1980s [4] but then fell out of favour in crucial requirements for real-time implementation of vibration
the mid 1980s because of the fundamental shortcomings asso- control. In order to meet these requirements, an active Vibration
ciated with control spillover and observation spillover [2]. Re- Clamping Absorber (VCA) is designed in this paper. The basic
cently, with the rapid advances in smart structure technology, characteristics of the proposed VCA based on QMPPF control
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include:
0

it makes use of the nonlinear modal coupling between the
structure and the absorber, to enable the VCA part to absorb the vibration energy from the structure and keep the
vibration of the structure within a tolerable range;

0

it adds an artificial tunable damper in the controller that
targets each mode of interest;

0

it is designed and applied only at frequencies where vibrations are most undesirable and it is automatically put
into play by the disturbing force in a designed range i.e.,
outside this range it is inert;

system, (1) can be normalised by the change of variables --+
w(x, t)/m(x)lI2.Here, for simplicity, m(x) = I in (1) is used.
The nonnegative number C is the damping coefficient of the flexible system. From the above condition of operator A, it is known
that its spectrum contains only separated eigenvalues x k with
correspondingorthogonal eigenfunctions 4 k in D ( A ) ,such that
0 5 A1 5 A2 5 * * * 5 An.,A4k = xk4k, and 1/2 4 k = w k 4 k ,
where Wk is the vibration mode frequency and 4 k is the corresponding vibration mode shape of the flexible system. According to the nature of Hilbert space, the solutions of (1) can be
expressed as:
L

(2)

w(x, t ) = C k = l Vk(t)4k(Z),

where, in theory, L should be infinite. However, in practice, it is
0 it employs only modal positions to make the VCA amenable
customary to assume that W(Z, t ) can be represented with good
to a strain-based sensing approach;
fidelity by a truncated mode expression of the form of ( 2 ) where
L may be large but finite. Similarly, the distribution of applied
0 it can be implemented in an on-line digital controller.
forces can be expanded as:
This paper is organised as follows. The linear dynamic model
Fe(x, t ) Fc(x, t)
F(x,t) =
used here for distributed parameter systems is described in the
(3)
next section. In Section IU, the control spillover and obser= ~ : = 1 fej(t)4j(Z)+
fcj(t)$j(~),
vation spillover is examined in second order Multi-Degree-Ofwhere Fe represents the external excitation forces and F, repFreedom (MDOF) modal equations. Furthermore, the Positiveresents the control forces provided by point-force actuators. In
Position-Feedback (PPF) control strategy is represented also in
the following analysis, the case of primary resonances is consecond-order MDOF modal equations. In Section IV,the VCA
sidered and the external forces can be defined by a set of P
design is presented and the frequency response and force re(
P < L) transversal harmonic excitations with amplitude Fj
sponse of the VCA are demonstrated. In Section v, simulaand angular frequency 0j close to one of the natural frequentions are carried out for the first, second and third modes. In
cies, i.e. f e j = Fj cos(0jt). Therefore, by substituting ( 2 ) into
Section VI, physical experiments are conducted to corroborate
(l), the mode amplitudes satisfies:
the simulation results. The conclusions are presented in Section W.
v(t) 2CA1'2v(t)
Av(t) = fe(t) fc(t),
(4)

+

+

I1 Linear Dynamic Model for DPSs
From the principle of modal control, it is known that the complete dynamic behaviour of a structure can be discretised as a
set of individual modes of vibration, each having a characteristic natural frequency,damping factor, and mode shape. By using
these modal parameters to represent the system model, problems
at specific resonances can be examined and subsequentlysolved.
Here, the class of flexible systems described by the generalised
wave equation is considered:

+

EF=~

+

where A1/2 is a L x L diagonal matrix with diagonal entries
Wl,WZ,"' ,WL.,V(t) = [ v 1 ( t ) , - .,.V L ( t ) l T , fe(t) = Ifel(k),
,fcp(t)lT. BYrepresent. ,f e ~ ( t ) ]and
~ , fc(t) = [fcl(t),
ing the scalar form of (4), any one of the mode amplitude Zlk(t)
satisfies
Ek(t)

+ 2CkWkljk(t) + WEVk(t) = Fj COS(0jt) + fcj.

(5)

111 Modal Control and Spillover

Consider the homogeneous (free vibration) problem by setting
fe(t) equal to zero in (4).Also, consider a state feedback or outm(x)w(x, t) 2CA1/2w(~,
t ) Aw(x, t ) = F(x, t ) , (1) put feedback control law as indicated by f,(t) = B y ( t ) ,where
B is the L x L feedback gain matrix and y ( t ) is the measured
which relates the displacement w(x, t ) of the equilibrium posioutput of the sensor defined by y ( t ) = Cpv(t) +Cv+(t).Here,
tion of a body R in L-dimensional space to the applied force
Cp is a L x L matrix indicating the locations of the position sendistribution F(x, t). The operator A is a time-invariant symmetsors and CV is the L x L matrix indicating the locations of the
ric, nonnegative differential operator with a square root All2, velocity sensors. For simplicity, confine the control to position
and its domain D ( A ) is dense in the Hilbert space H = L 2 ( 0 ) .
feedback only,thus (4) can be expressed as:
The mass density m(x) is a positive function of the location
x on the body.Without changing the properties of the above
v(t) 2CA'/2V(t) Av(t) = BCpV(t).
(6)

+

+

+
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Since L is quite large in the real applications, it is not possible
and also unnecessary to control all L modes.Consequently, N
controlled modes are selected with N < L and the amplitude
vector v(t) is partitioned into a controlled VN and a residual
VR

part as: ~ ( t =
)

[ ].

similarly, the system parameters

can be Dartitioned into:

B=[::],andCp=[

CN

ture (6),it leads to

+

V(t) 2CA1/2V(t)

+ Av(t) = GAv(t),

(9)

where G is a diagonal gain matrix with diagonal entries, such as
g1,92, . . . ,gL. Similar to Section III, all the vectors and parameters can be partitioned into N controlled modes and R residual
modes, correspondingly. The above two equations (8) and (9)
can be rewritten as

CR].

By using above partitions, (6) can be reorganised as

[ 0"" Oa, ] [ YVI: ] [
=

BNCN BNCR
BRCN BRCR

][ ]

[ ]
VN

'

(7)

Note that while the items on the left side of equations are decoupled, the items on the right side of equations become coupled.
The term BRCN gives rise to modal coupling due to control action (called control spillover) and the term BNCRgives rise to
modal coupling due to observation or measurement (called observation spillover). If these terms are large, then the controller's
performance and the system's stability will be 1ost.Although the
problem of control spillover and observation spillover has been
described in many papers, the problem was stated in state variable fonn, whereas this explanation is described in second-order
MDOF modal equations where the concept is more straightforward and the natural properties of the coefficient matrices are
preserved. To the best of the authors' knowledge, this is perhaps
the first time that the spillover problem and also the PPF control have been stated in a second-order MDOF form. In order to
eliminate the spillover problem in the control system for flexible structures, there are numerous studies that rely on different
control algorithms ranging from the simple velocity feedback
control law to methods such as the Independent Modal Space
Control (IMSC) [5] and the PPF [6]. A comprehensivereview of
these studies has been included in 141. The second-order MDOF
modal equations developed in the above are again used here to
illustrate the advantages of PPF and will be used as a starting
point to design the nonlinear modal PPF control in the next section. The basic idea of PPF is to design a modal filter in the
second-order MDOF form which rolls off at a high frequency
and hence is able to avoid exciting residual modes. This can be
explained as follows. The modal filter can be designed as

+

$(t) 2CfA;I2Q(t)

+ Afq(t) = A f v ( t ) ,

(8)

+

[ 2CA$2
0

VR

AN

GNAN 0

0

[o

2CAF

GRAR

AR][:]=[o

From (IO) and (1I), it can be seen that the items on the right side
of equations are decoupled. So, there is no control spillover.
Moreover, AfN can be designed as a low pass filter and AfR
can be set to zero so that the modal filter rolls off all residual
high frequencies. Then, the second equations in (1 1) and (10)
both tend to zero. Combining the first equations in (10) and (1 l),
one obtains

[ ]
VN

+

[

liN

[

' i f N

2(Az2

0

0

2cf A f N

1/2

AfN
-GNAN

3 [ ;;]

+

] [ ;;] = [ ;1.

(12)

There remains the question of designing the feedback control
gain matrix G such that the overall system (12) is stable.

Theorem 1 The combined system (12) is asymptotically stable
ifandonlyifO<gi< l , i = l , - - - , N .
Proof
The Laplace transform of (12) leads to
(IS2

4-~ C N A 4~ AN)V(S)
~ S
- G A N ~ ( s )= 0,

+

(13)

+

(S21
2 C f ~ a i $ S AfN)v(s) - A f N v ( s ) = 0, (14)
where V(s) and q ( s ) are the Laplace transforms of v(t) and
q ( t ) ,respectively. Substituting (14)into (13), the characteristic
equation of system (12) is

where all the parameters are similar to (4) but are tunable. By
feeding back the output Q of the modal filter into the struc-
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det

l(IS2

+ 2cjvAZ2S 4- A N ) ( I S ~+ 2 c f ~ A ; c s
+AfN) - GANAfNI = 0.

(15)

The system is asymptotically stable if and only if all the roots in
(15) are in the left side of the s plane. The deployment of (15)
can be shown to be

+ r1s3+ r2s2+ r3s + r4 = 0,

(16)

where q j represents one of the responses of the VCA, wj is the
natural angular frequency of the VCA, [ j is the damping ratio
of the VCA, and K1 and K2 are the feedback gains. By using the method of multiple scales [7], one can obtain first-order
approximate solutions for (17) and (18):

where

According to Routh-Hurwitz theorem, system (12) is asymptotically stable if and only if all the principal minors of the RouthHurwitz array are greater than zero, i.e.,

+ 41),

'Uk

= acos(akt

qj

1
= bcos(-Rjt
2

+

42),

1

I

0

U

0

-

I

This leads to 0 < gi e 1, i = 1,.. . ,N .
H
The above section demonstrates that PPF is very suitable for
controlling large numbers of structural vibration modes without
causing spillover. However, the theorem developed here has a
prerequisite, i.e., system (12) must be homogeneous.When the
right side of system (12) has a constant external excitation and
the objective is to drive the motion of the structure to zero, it is
unlikely that a PPF control is capable to achieve this task.Hence,
another approach must be found to effectively suppress the structural vibration under primary external excitations.

(20)

where a and b are the vibration amplitudes of the structure and
absorber, respectively. By defining two detuning parameters T
and a as r = W k - 2wjanda = Q j - W k , the modulation equations that govern the amplitudes and phases are given by:

- F b 2 Sins + fj Sin/?,
b = -[jwjb+ F a b s i n a ,
c o s a - fj cosp,
aa =
b(T+ a ) = - 3 a b c o s a .

= -&wk<jWja

-yb2

r2 rl
r4 r3 r2 >o.
0 0 r4

(19)

(21)

1The parameters a, @, and fj in (21) are defined as LY = ~ t 4+
242, @ = at - 41, and fj = Fj/4. The form of the first-order
differential equations given in (21) is commonly encountered
in the analysis of nonlinear motion of ships and flexible structures [8], where in these studies, the parameters of 0,wj, T , K1,
and K2 are fixed and need to be identified from the system.Here
this nonlinear phenomenon is capitalised on and employed for
the purpose of vibration control. So, those parameters are deliberately designed in the VCA to be tunable for control purposes.
When b # 0, the following can be obtained:

IV VCA Design
In this section the active VCA for the structure described in ( 5 )
is developed. The purpose of using VCA is to absorb the vibration energy from structure (5) upon which external forces are
imposed. To achieve this purpose, a QMPPF control algorithm
is designed for both the structure and the VCA. This control
force is intended to follow the external force, but with opposite
phase. In the later analysis, the effectiveness of the designed
QMPPF control algorithm in achieving the above goal will be
demonstrated. The design methodology for the active VCA is
summarised below. The structure with the external excitation
force and the control force can be described by:
ik(t)

+ 2&WkWk(t)

-I- W i ' U k ( t ) = Fj COS(Rjt)

+ KlWk?$(t),
(17)

and the VCA can be designed as:
qj(t)

+ 2[jWjcj(t) + w j q j ( t ) = Kzwjvk(t)qj(t),

(18)

It is clear that the amplitude of vibration in the structure has
nothing to do with the amplitude of external force. The excitation energy has been transfered to the VCA controller.

V Simulation Studies for the VCA
A simple cantilever beam system is selected and used as a research vehicle to evaluate both the above QMPPF control strategy and the VCA controller. In the following studies, only primary resonant excitations are considered.Only one sensor/actuator
pair is used for the VCA controller. Although the beam system
when it is inteitself is assumed to be linear and satisfies (3,
grated with the VCA controller it becomes part of a nonlinear
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system. By using the QMPPF strategy in both the structure and
the VCA controller, it will be shown that the energy generated
from the extemal excitation is passed through the structure into
the VCA controller. In the first study, the beam system is excited by a sinusoidal signal at a frequency near its first mode of
vibration. After the vibration develops into a steady state condition, the VCA controller is switched on. Figure I(a) and (b)
show the first mode time-response of the structure and the VCA
controller,beforeand after the controller is tumed on while the
extemal excitation is kept constant. The excitation conditions
employed with most of the reported studies on vibration control
for flexible structures,differ from the study reported in this paper, in that for the former, the excitation is tumed off after steady
state conditions are attained and the controller is subsequently
switched on, while for the latter, the excitation is kept constant.
In order to compare the VCA control with PPF control, the first
mode time-responseof the structure is shown in Figure II,where
the same excitation and control gain as in Figure I are applied.
r

of vibration, respectively. Once the vibration develops into a
steady state condition, the VCA controller is switched on. Figure III(a) and (b) show the time-responses of the structure and
VCA controller at the second mode of vibration. Figure IV(a)
and (b) show the time-responses of the structure and VCA controller at the third mode of vibration. From the above simulation
studies, it is seen that
0

the VCA controller based on QMPPF strategy is very effective for suppression of steady-state primary resonant
forced vibrations: and

0

the VCA controller has the same performance for each
mode regardless of the excitation frequency.

l

Figure IV: Numerical simulations of the third-mode steady-state
time-response under the VCA control: (a) the sensor response
‘us and (b) the actuator response 73 .
Figure I: Numerical simulations of the first-mode time-response
under the VCA control: (a) the sensor response w1 and (b) the
actuator response VI.

Figure 11: Numerical simulations of the first-mode timeresponse under the PPF control: (a) the sensor response v1 and
(b) the actuator response ql.

In the second and third studies, the beam system is excited by a

Figure 111: Numerical simulations of the second-mode timeresponse under the VCA control: (a) the sensor response w 2 and
(b) the actuator response 72.
sinusoidal signal at frequencies near its second and third modes

VI Experimental Studies for the VCA
To validate the above control strategy and numerical simulations, a physical test plant was built in the laboratory. The plant
is comprised of a 2 5 0 ” x 13mm x 0.6mm mild steel beam
with strain gauge sensors and PZT actuator patches mounted
vertically on a lOON shaker, and a dSpace controller. The first
three natural frequencies of the beam are experimentally determined to be 11.4Hz, 68.5Hz, and 149.8Hz, respectively. The
be? is then subjected to either a single harmonic sinusoidal
excitation or a multiple frequency sinusoidal excitation. When
the shaker’s frequency is tuned to 11.4Hz (i.e., first mode frequency) and the acceleration produced by the shaker isl.2g, the
firstmode resonance causes large amplitude vibrations. After
the vibration is fully developed, the VCA controller is switched
on at 20 seconds. Figure V(a) and (b) show the experimental
results of the structure’s first-mode time-response and the corresponding VCA’s time-response. The experimental results confirm the simulation results. and the acceleration produced by
the shaker is 1.Og, the second mode resonance causes large amplitude vibrations. Figure VI(a) and (b) show the experimental results of the structure’s second-mode time-response and the
corresponding VCA’s time-response. Again, the experimental
confirm the simulation results. It can be seen that the structural
vibration has been successfully suppressed even when the extemal force frequency is at the second resonant mode. When
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Figure V Experimental results of the first-mode time-response
under the VCA control: (a) the sensor response w1 and (b) the
actuator response 771.

i’:pI

Figure VIII: Power Spectrum Density in the case of first- and
second-mode resonant excitations: (a)without the VCA control
and (b) with the VCA control.

1 ::

VI1 Conclusion

i :’

The effectivenessof the VCA design based on QMPPF strategy
is validated under multiple modes control on a flexible vertically
oriented cantilever beam system with a single sensor and actuator. The simulation and experimental results reveal that the proposed strategy is a potentially viable means for real-time control
of vibration in large flexible structures.
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Figure VI: Experimentalresults of the second-mode steady-state
time-response under the VCA control: (a) the sensor response
wp and (b) the actuator response 772.
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3.0g, the combined resonances cause even larger amplitude vibrations. Figure W ( a ) and @) show the experimental results
of the structure’s combined-modes time-response and the corresponding VCA’s time-response. The experimental results further validate the theoretical analysis. It can be seen that the
structural vibration has been successfully suppressed even when
the external force frequencies are close to the first and second
resonant modes. The Power Spectrum Density analysis is shown
in Figure VIII. The suppression effect achieved by the VCA can
be more than 30dB attenuation.
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