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Abstract 

In this paper, an adaptive resonant controller is applied to 
i attenuate vibrations in a cantilever beam structure with large 
varying parameters. This controller is particularly suited for 
structures that ace exposed to previously unmodelled 
dynamics. On-line estimation of the structure's natural 
frequencies is used to up-date the resonant controller's 
parameters. Simulation results show that the proposed 
adaptive strategy can achieve better performances than its 
fixed-parameter counterpart. 

1. Introduction 

A cantilever beam with heavy loads mounted along the beam 
can be used as a basic representative model for a number of 
advanced flexible engineering structures [7]. It is well known 
that one of the features of a flexible structure is its highly 
resonant characteristic. This means that a flexible structure 
has relatively large responses at or near its natural 
frequencies. Therefore it is desirable to design a controller 
that effectively suppresses the vibration at and near to the 
natural frequencies of the structure but has limited effects at 
other frequencies. A type of controller that meets this 
requirement is the resonant controller [3,5,6]. Since this type 
of controIler only utilises the structure's natural frequencies of 
concern, it promotes a minimal dimensional design. However, 
since a resonant controller is frequency sensitive, it may 
become ineffective if the structure's natural frequencies are 
altered due to changes in the structure's confguratiodoading. 
If such configuratiordoading changes are a priori known, 
then a fixed-parameter multiple-model resonant controller can 
be employed. If however such changes cannot be previously 
predicted (e.g., damage to an aircraft wing which changes the 
structures loadinddamping properties; a robot ium collecting 
samples of unknown mass and subjected to an unforeseen 
disturbances; etc.), then an adaptive resonant control strategy 
is required to handle such circumstances that go beyond the 
capability of its fixed-parameter multiple-model counterpart. I 

In this paper, an adaptive resonant controller is proposed. The 
structure's current natural frequencies are estimated by on-line 
identification of its eigenvalues. The performance of the 
proposed adaptive resonant controller is compared with that 
of a fixed-parameter resonant controller, Simulation studies of 
a cantilever beam with largely varying loads show that the 
proposed strategy offers improved performance. 

2, Vibration system model 

A mild steel cantilever beam (50Ox5Ox3mm, 0.5895Kg) with 
widely changeable Ioads is chosen to emulate a structure of 
variable natural frequencies. The beam is clamped to a 
concrete block at one end, and a varying load is placed at the 
free end (LI). Shaker-induced disturbances are applied 
1100mm from the fixed end. 

Modal analysis in ANSYS* is used to find the beam's natural 
frequencies and to form the transfer function of the beam [4]. 
The analysis shows that the DC gains for the 3d and higher 
inodes of vibration are very small compared to the 1" and 2"d 
inodes, therefore it is adequate to build a mathematical model 
of the system based only on the first two modes. The first two 
natural frequencies of the system are shown in Table 1 for five 
different loading models, with load L1 expressed as a 
percentage of the beam's mass. Table 1 also shows that the 
:system damping factors (6) are very low, which is typical of a 
k x i b l e  beam structure. 

Matlab* is used to transform the five continuous-time models 
into their discretised counterparts. The Shannon rule for the 
selection of the sampling frequency V;) is: 

wherefBCL is the desired bandwidth of the closed-loop system. 
Given that the largest bandwidth cf2) of the system is around 
62Hz, a value of f ,=  300Hz is chosen so that it is around five 
times fs". The models are 4"-order and can be described 
from the general discrete-time transfer function form: 

= -= ~ ( y - ' )  b,q-l  + b,q-' + ... + b,"q-'" - -- Y(k) (2) 
A ( q - ' )  I t a,q-' t a,q-* + ... -+ o, ,q-*"  u(k) ' 

where n = 2 is the number of vibration modes for the 4*-order 
system. 

Assuming that the variation in loading is not a priori known, 
the natural frequencies of the system (i.e., the eigenvalues of 
the system or the roots of the denominator of (2)) will need to 
be determined on-line. 
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3, Estimation of natural frequencies 

One simple technique to make a resonant controller adaptive 
is to use a zero-crossing method to measure the vibrating 
system’s frequency [1,2]. However this method only works 
effectively when the system is subjected to a single-frequency 
excitation. For multiple-frequency disturbances, the zero- 
crossing method is unable to measure each frequency 
component of the excitation. As a result, when the multiple- 
frequency excitation contains a component that matches one 
of the system’s natural frequencies, the controller will be 
unable to identify the frequency of concern. Consequently, it 
will fail to effectively attenuate the vibration at that natural 
frequency. Thus for multiple-frequency excitation, a 
parameter identification method will need to be used in place 
of the zero-crossing method. 

The algorithm for identifying the multiple natural frequencies 
of the system is specified as follows: 

(i) Find the parameters of (2)  using the standard 
Recursive Least Square (RLS) algorithm. 

(ii) Find the n complex conjugate pairs of the eigenvalues 
(i.e., the roots of the denominator) of (2): [z(l) z(2) 
z(3) z(4) ... z(2n-I) z(2n)l. 

(iii) Select the odd (or even] eigenvalue from each pair: 
[z(l) z(3) ... z(2n-l>]. 

(iv) Convert the above selected eigenvalues in (iii) to 
continuous eigenvalues using the formula: 

$1 = log(2;) X L  (3) 
where si = continuous eigenvalue of the i” mode, 

z, = discrete eigenvalue of the i” mode, and 
f, = sampling frequency. 

(v) Given: 

with very small damping factor 6, the imaginary 
component of (4) can approximately represent th& 
natural frequency of the corresponding mode, i.e., 

4. Resonant controller 

The resonant controller was proposed by Pota e t d .  in [5 ] .  
The goal is’ to apply high gain feedback only at the natural 
frequency. The controller can, therefore, ‘push’ down the 
resonant peaks of the vibrating ‘system while having only 
limited effect at others frequencies. The controller is 
described as having a decentralized characteristic [3] and is 
defined by [51: 
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where n is the number of modes to be controlled, ai is the i* 
natural frequency of the vibrating system, ti is the damping 
factor of the controller for the ifi mode of vibration, and kCi is 
the gain for the i~ controller. The value of 6, and kci can be 
easily obtained by Pial and error. 

For the design of an adaptive resonant controller, the 
continuous-time controller described in (7) is discretized via 
the Z-transform method. A corresponding discrete-time 
resonant controller can then be described as: 

Tis  the sampling time, and kdi is the discrete-time gain for the 
i” controller. For an adaptive resonant controller the value of 
mi in (8) is updated at every time step with estimated natural 
frequencies from (4). 

In this paper, the objective is to control the two lowest modes 
(Le,, n=2). Thus the adaptive controller (6) and (8) will have 
two resonant components C ,  and C2 (one for each mode) 
connected in parallel as shown in Figure I. 

Cl 

c2 

I I 

Frequency estimator 

Figure 1: Structure of the Adaptive Resonant Controller. 

5. Simulations 

Sirnulink-based implementations are conducted to test the 
performance of the proposed scheme. In the first step, the 
performance of the natural frequency estimator is observed. 
The true values and their estimated counterparts for the 
corresponding natural kequencies of the five models are listed 
in Table 2. 



' Table 2. True and Estimated Natural Frequencies 
f~ (Hz) R (Hd I 

From Table 2 it can be seen ,that the estimated natural 
frequencies converge to their hue counterparts. The reason fOT 
the slight discrepancy between the m e  values and the 
estimated values is due to the approximation employed in (5). 
The discrepancies for the 2nd modes are smaller than those for 

' the 1'' modes. This is because 4 is smaller than <,. 
The parameters kdi and ti required to compute the adaptive 
control law (6) and (8) are obtained by trial and error. As the 
chosen value of is decreased, the attenuation at the 
corresponding natural frequency becomes higher. If, however, 
the selected value of lj is too small, then the vibrations at the 
other frequencies outside this natural frequency will be 
amplified. The effect of kdi selection demonstrates a 

converse result to that of the ti selection. The higher the value 
of kdi selected, the higher the attenuation associated with that 
natural frequency, Again, however, if the selected value of 
k, is too high, then the vibration amplitudes for the other 
frequencies outside this resonant frequency will be amplified. 
In this simulation, the following values of k d , =  kd2 = 400 

, and 5, =& = 0.1 are chosen. 

For comparison purposes, a fixed-parameter resonant 
controller is design based on Model 1, since this unloaded 
model i s  the most difficult model in the set to be contxolled. 
Both the adaptive and the fixed controller are then simulated 
with the cantilever beam models specified in Table 1. 

5.1 Single frequency excitation study 

The excitation force is a single-frequency sinusoid of 
maximum amplitude 17.8N, and its frequency is switched 
according to the 1" (or 2") natural kequency of the current 
model. The plant loading is set to change every 4 seconds in 
accordance with the following sequence of models: 

, 54+2+1+3. This pattern mimics a random change in the 
system loading, 

. The responses of the two control systems in the time domain 
are shown in Figure 2 and Figure 3, respectively. Figure 2 
presents the responses for the lst mode and Figure 3 shows the 

The comparison of Figure 2 and Figure 3 shows that the 
adaptive controller performs well with respect to model 
parameter variations in suppressing vibrations. This is 
demonstrated through the higher attenuation performance 
achieved by the adaptive controller relative to that of its fured- 
parameter counterpart when the model changes. This is 
particularly obvious for the f i r s t  mode comparison. 
Conversely, the fixed-parameter resonant controller fa i ls  to 

' responses for the 2"d mode. 

give optimum attenuation when the model's parameters 
change significantly. 
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Figure 2. Time-Domain Responses For 1" Mode Vibration. 
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Figure 3. Time-Domain Responses For 2"d Mode Vibration. 

5.2 Multiple-frequency excitation study 

An adaptive controller with a natural frequency estimator will 
work effectively for a system with multi-frequency excitation. 
This is demonstrated here by using a cambination of two 
sinusoids (9.7783 Hz and 4.6236 Hz), each with a maximum 
amplitude of 8N. The plant loading is set to change every 4 
seconds in accordance with the following sequence of models: 
5+4+1+5. The response of the system is shown in Figure 
4. It can be seen that the adaptive controller gives higher 
attenuation compared with the fixed-parameter controller 
when the model changes, The figure also reveals that resonant 
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controller has a very limited effect outside the natural 
frequency of the system as can be seen between the 4s to 8s 
period. 

Responsd of open Iwpsptam 

I I < f I 
0 1 4 U 10 12 14 16 Response o!flxeQ-pamcter contml system 

Figure 4. Time-Domain Responses For Multi-Frequency 
Excitation. 

53 Frequency Response Comparison 

The frequency responses for the fixed-parameter and adaptive 
control systems are shown in Figures 5 to 9. The attenuations 
achieved by the fixed-parameter controller and the adaptive 
controller is given in Table 3. 

From Figures 5 to 9, it can be seen that both controllers give 
higher attenuation near to and at the models' natural 
frequencies, but have little impact at frequencies away from 
the natural frequencies. it  is observed from Figures 5 to 9 and 
from Table 3 that the adaptive controller outperforms the 
fixed-parameter controller in that, for ModeIs 2-5, the 
attenuation levels achieved by the adaptive controller for both 
modes me higher than those achieved by the fixed-panmeter 
controller. 
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Figure 5. Frequency Responses for Model 1. 
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Figure 6. Frequency Responses for Model 2. 
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Figure 7. Frequency Responses for Model 3. 
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Figure 8. Frequency Responses for Model 4. 
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Figure 9. Frequency Responses for Model 5. 

6. Conclusion 

An adaptive resonant controller i s  proposed to control a 
’ vibrating flexible cantilever beam system with widely varying 

parameters. The control strategy is suit&le for use with 
unmodelled disturbances and loadings imposed on a known 
structure. The adaptive strategy is realised by on-line 
estimation of the system’s natural frequencies. The estimator 
is implemented using the standard Recursive Least Square 

, method and the natural frequencies are identified by 
computing the system’s eigenvalues. 

Preliminary simulation results based on the cantilever beam 
with varying loads, and single- and multiple-frequency 
excitations, show that the proposed adaptive resonant 
controller outperforms the performance of the fixed-parameter 

’ resonant controller. 
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